We considered symmetry restriction on the interaction coefficients of Kelvin waves and demonstrated that linear in small wave vector asymptotic is not forbidden, as one can expect by naïve reasoning.
Introduction
Kelvin-wave energy cascade is believed to be a relevant ingredient of the quantum turbulence realized at low temperatures in superfluids [1] . The cascade transfers energy from the intervortex distance to smallest scales determined by the vortex core radius. A theory of the cascade can be constructed in spirit of weak turbulence theory [2] starting from the Hamiltonian representation of the equations describing the vortex dynamics [3] . Due to the onedimensional nature of the Kelvin waves their six-wave interaction is relevant for the cascade [4, 5] . Therefore a central question concerning the local character of the cascade is related to asymptotic behavior of the corresponding interaction vertices of the Kelvin waves.
Recent discussion [4] [5] [6] [7] on the local/nonlocal nature of the Kelvin wave (KW) cascade raised an important question concerning asymptotical behavior of six-KW interaction amplitude 
Here w j ≡ w(k j ) is an amplitude of KWs with wave vector k, a Fourier transform of a (complex) two-dimensional displacement vector w(z) = x + iy of a vortex line from the straight line x = y = 0. The summation over six kvectors k j = k 1 . . . k 6 is restricted by the Kroneker symbol, ∆ 4,5,6
1,2,3 , equal to one if 1,2,3 in the asymptotical limit, when one or few wave vectors are much smaller than others:
It is important that Eq. (2a) gives
If so, then the interaction vertex of short-wave motions (with wave vectors k j ∼ k 0 ) with long-wave "k 1 -motions" is proportional to k 1 w 1 , or, in the physical space, is proportional to the spatial z-derivative of the displacement, ∂ z w(z).
One may think [8] that this asymptotic behavior contradicts to physical intuition, according to which the interaction cannot depend on the local slope of long-wave disturbances, ∂ z w(z), because of rotational invariance of the interaction Hamiltonian H 6 . Indeed, one can choose the coordinate system, oriented along the (local) direction of the long-wave disturbances, in which ∂ z w(z) = 0. Then the curvature of the long-wave disturbances (proportional to the second derivative ∂ 2 z w(z) = 0) is expected [8] to be relevant. If this is true, then instead of asymptote (2b) one has
So, the dilemma is: either the cumbersome calculations [6] are mistaken and linear asymptote (2b) is wrong, or something is wrong with the simple symmetry analysis [8] , leading to quadratic asymptote (2c).
The difference between the asymptote (2b) and the asymptote (2c) is of crucial importance for the physics of KW energy cascade:
• In the case of quadratic asymptote (2c) the energy cascade should be dominated by local, step-by step energy transfer by interacting KWs with wave vectors of the same order of magnitude
This scenario leads to the Kosik-Svistunov energy spectrum [4] with
• In the case of the linear asymptote (2b) the interactions between KWs in sixtets with very different wave vectors are much stronger and are dominated by the region, where two of three wave vectors from the sextet are of the order of inverse intervortex distance, 1/ℓ, and much smaller than the other four ones. For example,
In this case the curvature of vortex lines of intervortex scales opens new "quartet" channel of an effective four-wave interaction with
, that leads to the energy spectrum recently found by L'vov and Nazarenko [7] 
I. Rotational symmetry and line length
To shed light on the contradiction between the asymptotics (2b) and (2c) let us consider a simple object: the length L of a self-affine (without overhangs) line described by x + iy = w(z) and fixed at the points x = y = z = 0 and x = y = 0, z = L 0 . This length is given by the formally exact expression
For small tilt, |∂ z w(z)| ≪ 1, the expression Eq. (5) can be expanded as follows:
where
describes individual contributions of waves with different wave vectors k to the line length.
Higher terms are responsible for the crosscontributions to L from waves with different k. For example: 
As one sees from Eq. (7d), the vertices T in Eq. (2a) and thus have the same problems with the "naïve" physical intuition, reproduced above. Indeed, repeating the same reasoning, one may think [8] that effect of the long-wave disturbances cannot depend on its local slope, because "one can choose the coordinate system, oriented along the (local) direction of the long-wave disturbances, in which ∂ z w(z) = 0". If so, the vertices T 1,2,3 have to be proportional to the square of the wave vector k 1 of the long-wave disturbances, and not to its first power, as in Eq. (7d). However, the expressions Eqs. (7) are definitely correct, being simple straightforward consequence of the expression Eq. (5).
To resolve this "contradiction" we will elaborate some consequences of the rotational symmetry of Eq. (5) for the line length. For this purpose we introduce "slow" line displacement ξ(z) = x + iy [in the original, global (x, y, z)-reference system] and "fast" line displacement u(z) =x + iỹ in the "local" (x,ỹ,z)-reference system with the origin following the slow displacement ξ(z) and z axis oriented along the local direction of the slow line ξ(z). Then for small slow slopes, ∂ z ξ(z) ≪ 1, the total line displacement in the global reference system can be approximated as follows:
The last term here originates from the rotation ofz-axis from the original direction of z-axis. Now, in the (x,ỹ,z)-reference system, we can compute δ ξu L, the cross-contribution to the line length caused by combine effect of the slow and fast displacements. Substituting w(z) from Eq. (8) into Eq. (5) and integrating by parts, one gets in the linear in ξ approximation:
In agreement with the symmetry reasoning the variation (9) is proportional to ∂ 2 z ξ that is determined by the curvature of the line w = ξ.
However the line length (5) and its expansion (7) are written in terms of w(z), (i.e. in the global reference system) while the variation (9) is presented via ξ(z) in the local reference system. To rewrite the result (9) in terms of w(z), one should use a transformation, inverse to Eq. (8) . It can be done by iterations. The zero-order term is
and the first iteration is
where u(z) can be substituted by the fast part of w(z). Substituting Eq. (10) into Eq. (9) one finds:
This equation explicitly contains the first derivative of the slow displacement ξ 0 (z). Therefore the rotational symmetry does not forbid linear in small k 1 terms in the expansion (6a). It is confirmed by simple calculations leading to the expressions (7).
II. Long-scale behavior of interaction vertices
Here we show that the rotational symmetry also does not contradict to the linear in k 1 asymptote (2b) of the vertex W 4,5,6 1,2,3 , Eq. (2a). To see this we consider a single quantum self-affine vortex of length L, given by Eq. (5) and fixed, as before, at the boundary points. At zero temperature the vortex dynamics is determined by the formally exact Hamiltonian
suggested by Sonin [9] (see also Ref. [3] ). Here κ is the circulation quantum and a is the vortex core size (introduced for regularization).
Let us repeat for the Hamiltonian (12) the same logic steps as for the length L. Now we are interested in an expansion of the Hamiltonian over the slow variable ξ and define the fast variable u in the reference system attached to the slow variable. The first term of the expansion of the Hamiltonian can be found by a bit more complicated calculations than the ones leading to Eq. (9) . First of all, we find
where prime means derivative over z. The transformations of the expressions in square brackets are justified since ξ is the soft variable. Next, the variation of the Hamiltonian (12) can be written as
The second line in Eq. (15) disappears after integration in part. Thus we conclude that the principal contribution to the first-order term of the Hamiltonian expansion is proportional to ∂ 2 z ξ, i.e. can be written in the form similar to Eq. (9):
An explicit expression for δΨ(z) can be found from Eq. (15). The expression (16) is in accordance with the symmetry expectations. Now, as before, we should return to original variables substituting ξ(z) from Eq. (10). The resulting expression for δH can be obtained from Eq. (11) by replacing Φ → Ψ. Therefore the expression for δH contains the first derivative of the slow variable ξ 0 . Thus the interaction amplitude W(k 1 , k 2 , k 3 |k 4 , k 5 , k 6 ) with the linear in the wave vector k long-scale asymptote (2a) is not forbidden by the rotational symmetry.
Conclusion
We found that the linear in small wave vector asymptote (2b) of the interaction vertices of Kelvin waves W(k 1 , k 2 , k 3 |k 4 , k 5 , k 6 ) (2a), which results in the LN energy spectrum (4), is not forbidden by the rotational symmetry.
